Abstmct -This paper attempts to study the bifurcation phenomena of a system of parallel-connected dc/dc boost converters. In particular, it is shown that simple averaged models can be used to predict the occurrence of Hopf bifurcation in such systems. The results provide important information for the design of stable current sharing in a master-slave configuration.
I INTRODUCTION
Recently, paralleling converters has become a popular technique in power supply design for improving power capability, reliability and flexibility. The main design issue in parallel converters is the control of the sharing of current among the constituent converters. In practice, mandatory control is needed to ensure proper current sharing, and many effective control schemes have been proposed in the past [1]- [2] . One common approach is to employ an active control scheme to force the current in one converter to follow that of the other. Such a scheme is commonly known as the master-slave current-sharing scheme [1]- [2] .
Bifurcation behaviour in dc/dc converter systems is usually studied via a discrete-time approach [3]-[4]. However, the mathematics involved is rather complicated when using such an approach. In this paper, we use a simple state-space averaged model to study some low-frequency nonlinear behaviour of a system of parallel-connected boost converters.
I1 MASTER-SLAVE CURRENT-SHARING CONTROLLED PARALLEL-CONNECTED DC/DC CONVERTERS
The system under study consists of two dc/dc converters which are connected in parallel feeding a common load. Denoting the two converters as Converter l and Converter 2 as shown in Fig. 1 , the operation of the system can be described a s follows. Both converters are controlled via a simple pulsewidth modulation (PWM) scheme, in which a control voltage vcon is compared with a sawtooth signal to generate a pulsewidth modulated signal that drives the switch. The sawtooth signal of the PWM generator is
where VL and Vu are the lower and upper voltage limits of the ramp, and T is the switching period. The PWM output is "high when the control voltage is greater than vramp, and is "low" otherwise.
The control voltages of Converters 1 and 2 are given by the following equations: where Voffset is a dc offset voltage that gives the steady-state duty cycle, Kef is the reference voltage, Kul and KU2 are the voltage feedback gains, Ki is the current feedback gain, and m is a current weighting factor. Under this scheme, the output current of both Converter 2 will follow that of Converter 1 at a ratio of m to 1, where m > 0. In this paper, we assume m = l . Converter 1 is commonly referred to as the "master" and Converter 2 the "slave" which imitates the master's current value.
STATE-SPACE AVERAGED MODEL FOR T W O
PARALLEL BOOST CONVERTERS Figure 2 shows two boost converters connected in parallel. The space-space averaged model for the parallel-connected boost converters is shown in Fig. 3 . The system can be represented by the state-space averaged equations: We should note that (5) and (6) can be written as 
where D is the steady-state duty cycle, kvl = " , " _y ; ,
vf:$L and k; = It should be noted that 0 < dl < 1 and 0 < dz < 1 should be satisfied. Putting (5) and (6) into (4), we get a set of autonomous equations that that can be further simplified in a dimensionless form. We define the dimensionless state variables as follows:
2 1 = -, 2 2 = V r e f , x 3 = -.
(7)
We also define the dimensionless time and parameters as follows:
Direct substitution of these new dimensionless variables, time and parameters in (4), (5) and (6) yields the following dimensionless autonomous equations:
The Jacobian, J ( X ) , for the dimensionless system evaluated at the equilibrium point is given by
We attempt to study the stability of the equilibrium point and the trajectory in the neighbourhood of the equilibrium point by deriving the eigenvalues of the system at the equilibrium point. The usual procedure is to solve the following equation for A:
(15)
Using the above equation, the following conditions are easily verified:
Hence, there exists at least one X E (-00,0) such that det[X1 -J ( X ) ] = 0, i.e., the system has at least one negative real eigenvalue. Also, numerical calculations of eigenvalues for the practical range of parameters reveal that the other two eigenvalues are a complex conjugate pair which have either a positive or negative real part depending upon values of ~~1 and ~~2 .
In particular, the following observations are made.
For small values of rcVl and tcV2, the pair of eigenvalues has a negative real part. As ~~1 orland ~, , 2 increases, the real part of the complex eigenvalues get less negative, and at a critical value of orland ~~2 , the real part changes from negative t o positive. The loci of the complex eigenvalue pair are plotted in Fig. 4 . The critical value of K,, I orland I E ,~ depends on the values of (l,(z,C,e and ~i . As we increase ~~1 orland ~~2 , the sign of the real part of the complex eigenvalues changes, the system loses stability via a Hopf bifurcation [5] .
V LOCAL TRAJECTORIES FROM THE AVERAGED EQUATIONS
In this section, we re-examine the stability in terms of the local trajectories ne= the equilibrium point. Since the use of an V -306 Fig. 4 : Loci of the complex eigenvalue pair moving from left to right as Kv2 is increased averaged model for predicting nonlinear phenomena will become inadequate when stability is lost, our aim in this section is to observe, by plotting the local trajectories, the behaviour of the system as it goes from a stable region to an unstable region. For further investigation beyond the bifurcation point predicted by the averaged model, we need to resort to the exact piecewise switched model, as will be reported in the next section. The trajectory of the system near the equilibrium point can be easily derived from the corresponding eigenvalues and eigenvectors. We will illustrate two typical local trajectcries, corresponding to a stable and an unstable equilibrium point. We first examine the stable system with 1~,1=0.48, ~,z=0.45 and n;=0.40. The trajectory is shown in Fig. 5 . We next examine the unstable system with ~,1=0.48, ~, z = 0 . 5 5 and 1~*=0.40. The system loses stability and the trajectory is shown in Fig. 6 . From the above trajectories, we clearly observe that the system loses stability via a Hopf bifurcation.
VI COMPUTER SIMULATION STUDY
As the averaged continuous model falls short of predicting the details after the bifurcation, we examine the system again ~ V Since we are simulating the actual circuits, the original circuit parameters will be used instead of the dimensionless ones. In particular we will focus on the qualitative change of dynamics as Kul or/and Ku2 is varied. To observe the trend, we keep K,1 constant and vary Ku2 (similar trend is observed when we keep K,z constant and vary Kvl).
When Ku2 is small, the trajectory spirals into a fixed period-1 orbit, corresponding to a fixed point in the averaged system. Figure 7 shows the simulated trajectory. When K,z is increased beyond a critical value, the period-1 orbit becomes unstable, and the trajectory spirals outward as shown in Fig. 8 . These observations confirm the'prediction we made in Section V based on the averaged equations.
In order to give a better view of the system dynamics after the Hopf bifurcation, a large number of trajectories and bifurcation diagrams have been obtained. In the following, only representative bifurcation diagrams and sequence of trajectories are shown, which serve to exemplify the main findings concerning the bifurcation behaviour of a system of parallel boost converters under a master-slave current sharing scheme.
We first keep K,1 constant and vary K,2. A bifurcation diagram is shown in Fig. 9(a) 
VI1 EXPERIMENTAL VERIFICATION
We build a circuit to verify our simulation results. As we increase K V z , we get results which are in good agreement with our simulations. The Hopf bifurcation takes place at approximately the same location (in terms of the value of the dc gain) as it does in our simulations. Trajectories of stable period-1 orbit, quasi-periodic orbit and limit cycle are captured, along with stroboscopic maps showing quasi-periodic orbits and limit cycles. Figures lO(a) -(e) show the sequence of changes when we increase Kv2. Figure lO 
